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1. QUADRATIC EQUATION

Example: When a driver spots a running motorcycle moving with a constant speed (10 

m/s) a distance of 5 m ahead of his car, he starts to accelerate at a 6 m/s2. When will the 

driver catch up with the motorcycle?

𝑆𝑀 𝑡 = 5 + 10𝑡

𝑆𝐶 𝑡 =
6

2
𝑡2

Assume that the driver catch up with the motorcycle at 𝑡 = 𝑡1

𝑆𝑀 𝑡1 = 𝑆𝐶 𝑡1 → 5 + 10𝑡1 = 3𝑡1
2

3𝑡1
2 − 10𝑡1 − 5 = 0 → 𝑡1 =

10 ± 102 + 4 × 5 × 3

2 × 3
= −0.44 or 3.8 (s)



1. QUADRATIC EQUATION

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0

𝑦 = 𝑓 𝑥 = 𝑥2 + 𝑥 − 2

𝑦 = 𝑓 𝑥 = 0

𝑥2 +
𝑏

𝑎
𝑥 +

𝑐

𝑎
= 0

𝑥2 +
𝑏

𝑎
𝑥 = −

𝑐

𝑎

𝑥2 +
𝑏

𝑎
𝑥 +

𝑏

2𝑎

2

=
𝑏

2𝑎

2

−
𝑐

𝑎



1. QUADRATIC EQUATION

𝑦 = 𝑓 𝑥 = 𝑥2 + 𝑥 − 2

𝑦 = 𝑓 𝑥 = 0

𝑥2 +
𝑏

𝑎
𝑥 +

𝑏

2𝑎

2

=
𝑏2 − 4𝑎𝑐

2𝑎 2

𝑥 +
𝑏

2𝑎

2

=
𝑏2 − 4𝑎𝑐

2𝑎 2

𝑥 +
𝑏

2𝑎
= ±

𝑏2 − 4𝑎𝑐

2𝑎

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎



2. LINEAR EQUATIONS

𝑎1𝑥 + 𝑏1𝑦 = 𝑐1

𝑎2𝑥 + 𝑏2𝑦 = 𝑐2

𝑎1𝑏2 − 𝑎2𝑏1 𝑦 = 𝑎1𝑐2 − 𝑎2𝑐1

× 𝑎2

× 𝑎1

−

+

𝑦 =
𝑎1𝑐2 − 𝑎2𝑐1

𝑎1𝑏2 − 𝑎2𝑏1

𝑎1𝑏2 − 𝑎2𝑏1 =
𝑎1 𝑏1

𝑎2 𝑏2

2x-y=3

x-2y=4



2. LINEAR EQUATIONS

𝑎1𝑐2 − 𝑎2𝑐1 =
𝑎1 𝑐1

𝑎2 𝑐2

𝑦 =

𝑎1 𝑐1

𝑎2 𝑐2

𝑎1 𝑏1

𝑎2 𝑏2

𝑥 =

𝑐1 𝑏1

𝑐2 𝑏2

𝑎1 𝑏1

𝑎2 𝑏2

x-2y=4

2x-y=3

𝑎1𝑥 + 𝑏1𝑦 = 𝑐1

𝑎2𝑥 + 𝑏2𝑦 = 𝑐2

𝑥 =

4 −2
3 −1
1 −2
2 −1

=
2

3

Cramer’s Rule



2. LINEAR EQUATIONS

2x-y=3

x-2y=4

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 = 𝑑1

𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 = 𝑑2

𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 = 𝑑3

𝑥 =

𝑑1 𝑏1 𝑐1

𝑑2 𝑏2 𝑐2

𝑑3 𝑏3 𝑐3

𝑎1 𝑏1 𝑐1

𝑎2 𝑏2 𝑐2

𝑎3 𝑏3 𝑐3



3. BINOMIAL SERIES

Pascal’s triangle:

1

1 1

1 2 1

1 3 3 1

11 4 6 4

51 5 10 10 1

1 + 𝑥 2 = 1 + 𝑥 1 + 𝑥

1 + 𝑥 2 = 1 + 2𝑥 + 𝑥2

1 + 𝑥 2 = 𝐶0
2 + 𝐶1

2𝑥 + 𝐶2
2𝑥2

1 + 𝑥 𝑛 = 𝐶0
𝑛 + 𝐶1

𝑛𝑥 +
𝐶2

𝑛𝑥2 + ⋯ + 𝐶𝑛
𝑛𝑥𝑛
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4. POWER, EXPONENT

𝑦 = 𝑓 𝑥 = 𝑥2

𝑦 = 𝑓 𝑥 = 2𝑥

𝑦 = 2−𝑥
𝑎𝑚 = 𝑎𝑚−𝑛+𝑛

𝑎𝑚 = 𝑎𝑚−𝑛 × 𝑎𝑛

𝑎𝑚

𝑎𝑛
= 𝑎𝑚−𝑛

𝑚 = 0,
1

𝑎𝑛
= 𝑎−𝑛

𝐴 × 𝐴 = 𝑎 = 𝑎
1
2+

1
2

𝐴 = 𝑎
1
2 = 𝑎

⇒ 𝑎𝑥 such as 2𝑥 , 2−𝑥



5. LOGARITHMS

𝑦 = 𝑎𝑥

𝑥 = 𝑙𝑜𝑔𝑎 𝑦

100 = 102

𝑙𝑜𝑔10 100 = 2

𝑙𝑜𝑔10 1 = 0

𝑦1 = 𝑎𝑥, 𝑦2 = 𝑎𝑦

𝑦1𝑦2 = 𝑎𝑥𝑎𝑦 = 𝑎𝑥+𝑦

𝑙𝑜𝑔 𝑦1𝑦2 = 𝑥 + 𝑦
= 𝑙𝑜𝑔 𝑦1 +𝑙𝑜𝑔 𝑦2

𝑒 = 2.718281828459045

𝑦 = 2𝑥

𝑦 = log2 𝑥

𝑦 = log1/2 𝑥
𝑦 = 𝑥

log𝑒 𝑦 = ln 𝑦



6. TRIGONAL FUNCTIONS

q

1

𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃

addition formula

𝑠𝑖𝑛 𝐴 ± 𝐵
= 𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 ± 𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵

cos 𝐴 ± 𝐵
= 𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 ∓ 𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵q

𝑠𝑖𝑛 𝜋 − 𝜃 = 𝑠𝑖𝑛𝜃

𝑐𝑜𝑠 𝜋 − 𝜃 = −𝑐𝑜𝑠𝜃

𝑠𝑖𝑛
𝜋

2
− 𝜃 = 𝑐𝑜𝑠𝜃

ො𝑥

ො𝑦



6. TRIGONAL FUNCTIONS

q

1

𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃
𝑠𝑖𝑛 𝐴 = 𝑠𝑖𝑛

𝐴 + 𝐵

2
𝑐𝑜𝑠

𝐴 − 𝐵

2

+𝑐𝑜𝑠
𝐴 + 𝐵

2
𝑠𝑖𝑛

𝐴 − 𝐵

2

𝑠𝑖𝑛 𝐵 = 𝑠𝑖𝑛
𝐴 + 𝐵

2
𝑐𝑜𝑠

𝐴 − 𝐵

2

−𝑐𝑜𝑠
𝐴 + 𝐵

2
𝑠𝑖𝑛

𝐴 − 𝐵

2

𝑠𝑖𝑛 𝐴 = 𝑠𝑖𝑛
𝐴 + 𝐵

2
+

𝐴 − 𝐵

2

𝑠𝑖𝑛 𝐵 = 𝑠𝑖𝑛
𝐴 + 𝐵

2
−

𝐴 − 𝐵

2

𝑠𝑖𝑛 𝐴 + 𝑠𝑖𝑛 𝐵 = 2𝑠𝑖𝑛
𝐴 + 𝐵

2
𝑐𝑜𝑠

𝐴 − 𝐵

2

ො𝑥

ො𝑦



6. TRIGONAL FUNCTIONS

𝑦 = 𝑓 𝑥 = 10𝑠𝑖𝑛 𝑥

𝑦 = 𝑓 𝑥 = 10𝑐𝑜𝑠 𝑥

𝑦 = 𝑓 𝑥 = 10𝑡𝑎𝑛 𝑥

10𝑠𝑖𝑛 𝑥

10𝑐𝑜𝑠 𝑥

10𝑡𝑎𝑛 𝑥



APPLICATION OF SINUSOIDAL 
FUNCTIONS

Lissajous curve

𝑥 𝑡 = 𝐴𝑠𝑖𝑛 𝐶𝑡 + 𝛿

y 𝑡 = 𝐵𝑠𝑖𝑛 𝐷𝑡



7. DIFFERENTIAL CALCULUS –
CONSTANT VELOCITY

𝑣𝑎𝑣𝑔 =
∆𝑥

∆𝑡
=

𝑥2 − 𝑥1

𝑡2 − 𝑡1

𝑚 =
∆𝑦

∆𝑥
=

𝑦 𝑥2 − 𝑦 𝑥1

𝑥2 − 𝑥1

y

x
Dx

Dy

𝑦 𝑥 = 𝑓 𝑥 = 𝑎𝑥 + 𝑏

x

t
Dt

Dx

x 𝑡 = 𝑥0 + 𝑣0𝑡
constant velocity

=
𝑥 𝑡2 − 𝑥 𝑡1

𝑡2 − 𝑡1
= 𝑣0



7. DIFFERENTIAL CALCULUS –
CONSTANT ACCELERATION

constant acceleration – freely falling object

x

t
Dt

Dx

v

t
Dt

Dv

a

t
Dt

Da=0

∆𝑥

∆𝑡
= 𝑣𝑎𝑣𝑔

𝑑𝑥

𝑑𝑡
= lim

∆𝑡→0

∆𝑥

∆𝑡
= 𝑣

∆𝑣

∆𝑡
= 𝑎𝑎𝑣𝑔

𝑑𝑣

𝑑𝑡
= lim

∆𝑡→0

∆𝑣

∆𝑡
= 𝑎

Differential Calculation: 
𝑑𝑥 𝑡

𝑑𝑡
= lim

∆𝑡→0

∆𝑥 𝑡

∆𝑡
= lim

∆𝑡→0

𝑥 𝑡+∆𝑡 −𝑥 𝑡

𝑡+∆𝑡−𝑡

y

x
Dx
Dy

𝑚𝑎𝑣𝑔 =
∆𝑦

∆𝑥

𝑚 =
𝑑𝑦

𝑑𝑥



7. DIFFERENTIAL CALCULUS –
DEFINITION OF DIFFERENTIATION

Differential Calculation: 
𝑑𝑥 𝑡

𝑑𝑡
= lim

∆𝑡→0

∆𝑥 𝑡

∆𝑡
= lim

∆𝑡→0

𝑥 𝑡+∆𝑡 −𝑥 𝑡

𝑡+∆𝑡−𝑡

For example, 𝑥 𝑡 = 𝑡2, 

𝑑𝑥 𝑡

𝑑𝑡
= lim

∆𝑡→0

𝑥 𝑡 + ∆𝑡 − 𝑥 𝑡

∆𝑡
= lim

∆𝑡→0

𝑡 + ∆𝑡 2 − 𝑡2

∆𝑡
= 2𝑡

𝑑 𝑥𝑛

𝑑𝑥
= 𝑛𝑥𝑛−1

𝑑 sin 𝑥

𝑑𝑥
= cos 𝑥

𝑑 cos 𝑥

𝑑𝑥
= − sin 𝑥

𝑑 𝑒𝑥

𝑑𝑥
= 𝑒𝑥

𝑑 ln 𝑥

𝑑𝑥
=

1

𝑥



7. DIFFERENTIAL CALCULUS –
DEFINITION OF DIFFERENTIATION

𝑑

𝑑𝑥
𝑥𝑛 = lim

∆𝑥→0

𝑥 + ∆𝑥 𝑛 − 𝑥𝑛

∆𝑥
= lim

∆𝑥→0

𝑥𝑛 + 𝐶1
𝑛𝑥𝑛−1∆𝑥 + 𝐶2

𝑛𝑥𝑛−2 ∆𝑥 2 + ⋯ − 𝑥𝑛

∆𝑥

= lim
∆𝑥→0

𝐶1
𝑛𝑥𝑛−1 + 𝐶2

𝑛𝑥𝑛−2∆𝑥 + ⋯ = 𝑛𝑥𝑛−1

y

x
Dx

Dy

𝑦 𝑥 = 𝑥𝑛

𝑚 𝑥 = 𝑛𝑥𝑛−1

𝑑 𝑥𝑛 = 𝑚 𝑥 𝑑𝑥 = 𝑛𝑥𝑛−1𝑑𝑥

𝑑𝑦 =
𝑑𝑦

𝑑𝑥
𝑑𝑥 = 𝑚 𝑥 𝑑𝑥



7. DIFFERENTIAL CALCULUS –
CHAIN RULE

𝑑

𝑑𝑥
𝑓 𝑥 𝑔 𝑥 =

𝑑𝑓 𝑥

𝑑𝑥
𝑔 𝑥 + 𝑓 𝑥

𝑑𝑔 𝑥

𝑑𝑥

rules of differentiation

𝑑

𝑑𝑥

𝑓 𝑥

𝑔 𝑥
=

𝑑

𝑑𝑥
𝑓 𝑥 𝑔−1 𝑥 =

𝑑𝑓 𝑥

𝑑𝑥
𝑔−1 𝑥 + 𝑓 𝑥

𝑑𝑔−1 𝑥

𝑑𝑥

𝑑

𝑑𝑥

𝑓 𝑥

𝑔 𝑥
=

𝑑𝑓 𝑥

𝑑𝑥
𝑔−1 𝑥 + 𝑓 𝑥 −𝑔−2 𝑥

𝑑𝑔 𝑥

𝑑𝑥

𝑑

𝑑𝑥

𝑓 𝑥

𝑔 𝑥
=

𝑑𝑓 𝑥
𝑑𝑥

𝑔 𝑥 − 𝑓 𝑥
𝑑𝑔 𝑥

𝑑𝑥

𝑔2 𝑥

𝑑

𝑑𝑥
𝑓 𝑔 𝑥 =

𝑑𝑓 𝑔

𝑑𝑔

𝑑𝑔 𝑥

𝑑𝑥
chain rule



7. DIFFERENTIAL CALCULUS –
CHAIN RULE
All calculations are based on the knowledge you already learned!

𝑑 sin 𝑥

𝑑𝑥
= cos 𝑥 &

𝑑𝑥3

𝑑𝑥
= 3𝑥2 →

𝑑 sin 𝑥3

𝑑𝑥
=?

Let 𝑓 𝑔 = sin 𝑔 , 𝑔 𝑥 = 𝑥3 𝑑𝑓 𝑔 𝑥

𝑑𝑥
=

𝑑𝑓 𝑔

𝑑𝑔

𝑑𝑔 𝑥

𝑑𝑥

𝑑 sin 𝑥3

𝑑𝑥
=

𝑑 sin 𝑥3

𝑑 𝑥3

𝑑𝑥3

𝑑𝑥
= cos 𝑥3 3𝑥2

𝑑 cos 𝑥2 + 2𝑥 + 𝑥3

𝑑𝑥
=

𝑑

𝑑𝑥
cos 𝑥2 + 2𝑥 + 𝑥3 =

𝑑 cos 𝑥2 + 2𝑥

𝑑𝑥
+

𝑑𝑥3

𝑑𝑥

=
𝑑 cos 𝑥2 + 2𝑥

𝑑 𝑥2 + 2𝑥

𝑑 𝑥2 + 2𝑥

𝑑𝑥
+ 3𝑥2 = − sin 𝑥2 + 2𝑥 2𝑥 + 2 + 3𝑥2



8. PARTIAL DIFFERENTIAL CALCULUS –
ORTHOGONAL COORDINATES

Linearly Dependent: 𝑎 Ԧ𝐴 + 𝑏𝐵 = 0, 𝑎 ≠ 0, 𝑏 ≠ 0

Linearly Independent: 𝑎 Ԧ𝐴 + 𝑏𝐵 = 0, 𝑎 = 0, 𝑏 = 0

Orthogonal: Ԧ𝐴 ∙ 𝐵 = 0

Ԧ𝐴

𝐵 Ԧ𝐴

𝐵
Ԧ𝐴

𝐵

Vector in space to demonstrate the concept

Functions are similar, but not exactly the same

Dependent: 𝑥, 𝑦, 𝑦 = 𝑦 𝑥 or 𝑥 = 𝑥 𝑦
Independent: no function relation between 𝑥 and 𝑦

𝑥

𝑦

𝑥

𝑦

𝑥

𝑦

Partial Differentiation of 𝑓 𝑥, 𝑦 : 
𝜕𝑓 𝑥,𝑦

𝜕𝑥
, take y as a const

Complete Differentiation of 𝑓 𝑥, 𝑦 : 
𝑑𝑓 𝑥, 𝑦

𝑑𝑥
=

𝜕𝑓 𝑥, 𝑦

𝜕𝑥
+

𝜕𝑓 𝑥, 𝑦

𝜕𝑦

𝑑𝑦

𝑑𝑥
, 𝑦 = 𝑦 𝑥
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9. TAYLOR EXPANSION

Any function 𝑓 𝑥 can be expanded at 𝑥 = 𝑎

Taylor expansion of 𝑓 𝑥 at 𝑥 = 𝑎

𝑓 𝑥 = 𝑓 𝑎 + 
𝑑𝑓 𝑥

𝑑𝑥
𝑥=𝑎

𝑥 − 𝑎

1!
+ 

𝑑2𝑓 𝑥

𝑑𝑥2
𝑥=𝑎

𝑥 − 𝑎 2

2!
+ ⋯

Taylor expansion of 𝑓 𝑥 at 𝑥 = 0

𝑓 𝑥 = 𝑓 0 + 𝑓′ 0
𝑥

1!
+ 𝑓′′ 0

𝑥2

2!
+ 𝑓′′′ 0

𝑥3

3!
+….

For example, 𝑓 𝑥 = 𝑥2 + 2𝑥, 𝑓 0 = 0, 𝑓′ 0 = 2, 𝑓′′ 0 = 2

𝑓′′′ 0 = 𝑓′′′′ 0 = ⋯ = 0

Taylor expansion gives 𝑓 𝑥 = 0 +
2

1!
𝑥 +

2

2!
𝑥2

𝑓 𝑥 = 𝐶0 + 𝐶1 𝑥 − 𝑎 + 𝐶2 𝑥 − 𝑎 2 + ⋯

𝑓 𝑥 = 𝐶0 + 𝐶1𝑥 + 𝐶2𝑥2 + ⋯



9. TAYLOR EXPANSION

Series of e 𝑒 = 1 +
1

1!
+

1

2!
+

1

3!
+ ⋯

Series of 𝑒𝑥
𝑒𝑥 = 1 +

𝑥

1!
+

𝑥2

2!
+

𝑥3

3!
+ ⋯

Differentiation of 𝑒𝑥
𝑑𝑒𝑥

𝑑𝑥
= 0 +

1

1!
+

2𝑥1

2!
+

3𝑥2

3!
+ ⋯

𝑑𝑒𝑥

𝑑𝑥
= 1 +

𝑥1

1!
+

𝑥2

2!
+ ⋯ = 𝑒𝑥

𝑑 ln 𝑥

𝑑𝑥
=? Let 𝑦 = ln 𝑥 → 𝑥 = 𝑒𝑦

𝑑𝑥

𝑑𝑥
=

𝑑𝑒𝑦

𝑑𝑥
=

𝑑𝑒𝑦

𝑑𝑦

𝑑𝑦

𝑑𝑥
= 𝑒𝑦

𝑑𝑦

𝑑𝑥

1 = 𝑒𝑦
𝑑𝑦

𝑑𝑥

𝑑𝑦

𝑑𝑥
=

1

𝑒𝑦
=

1

𝑥

𝑑 ln 𝑥

𝑑𝑥
=

1

𝑥



9. TAYLOR EXPANSION

Differentiation of sin 𝑥 :

𝑑 sin 𝑥

𝑑𝑥
= lim

∆𝑥→0

sin 𝑥 + ∆𝑥 − sin 𝑥

∆𝑥

= lim
∆𝑥→0

sin 𝑥 cos ∆𝑥 + cos 𝑥 sin ∆𝑥 − sin 𝑥

∆𝑥
= cos 𝑥

Differentiation of 𝑐𝑜𝑠 𝑥 :

𝑑 cos 𝑥

𝑑𝑥
= lim

∆𝑥→0

cos 𝑥 + ∆𝑥 − cos 𝑥

∆𝑥

= lim
∆𝑥→0

cos 𝑥 cos ∆𝑥 − sin 𝑥 sin ∆𝑥 − cos 𝑥

∆𝑥
= − sin 𝑥

Taylor expansion:
cos 𝑥 = 1 −

𝑥2

2!
+

𝑥4

4!
−

𝑥6

6!
+ ⋯

sin 𝑥 = 𝑥 −
𝑥3

3!
+

𝑥5

5!
−

𝑥7

7!
+ ⋯



9. TAYLOR EXPANSION

Notation:

𝑒𝑖𝑥 = 1 −
𝑥2

2!
+

𝑥4

4!
− ⋯ + 𝑖 𝑥 −

𝑥3

3!
+

𝑥5

5!
− ⋯

𝑒𝑖𝑥 = cos 𝑥 + 𝑖 sin 𝑥

Imaginary number: 𝑖 ≡ −1, 𝑜𝑟 𝑖2 = −1

𝑒𝑖𝑥 = 1 +
𝑖𝑥

1!
+

𝑖𝑥 2

2!
+

𝑖𝑥 3

3!
+ ⋯

sin 𝑥 = 𝐶0 + 𝐶1𝑥 + 𝐶2𝑥2 + 𝐶3𝑥3 + ⋯ = sin 0 +
cos 0

1!
𝑥 +

− sin 0

2!
𝑥2 +

− cos 0

3!
𝑥3 + ⋯

sin 𝑥 =
𝑥

1!
−

𝑥3

3!
+

𝑥5

5!
−

𝑥7

7!
± ⋯

cos 𝑥 = 𝐶0 + 𝐶1𝑥 + 𝐶2𝑥2 + 𝐶3𝑥3 + ⋯ = cos 0 +
−sin 0

1!
𝑥 +

− cos 0

2!
𝑥2 +

sin 0

3!
𝑥3 + ⋯

cos 𝑥 = 1 −
𝑥2

2!
+

𝑥4

4!
−

𝑥6

6!
± ⋯



10. COMPLEX NUMBERS

𝑒𝑖𝑥 = cos 𝑥 + 𝑖 sin 𝑥Embody the notation of complex number

𝑒𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃
Present in the polar coordinate

𝑟𝑒𝑖𝜃 = 𝑟 cos 𝜃 + 𝑖𝑟 sin 𝜃

𝑅

𝐼

𝜃
𝑟 = 1

𝜃
cos 𝜃

sin 𝜃
1

𝑎, 𝑏 = 𝑎 + 𝑖𝑏

𝑟 = 𝑎2 + 𝑏2

𝑅

𝐼

𝜃
𝜃 = tan−1 𝑏/𝑎

𝑎 = 𝑟 cos 𝜃

b = 𝑟 sin 𝜃



10. COMPLEX NUMBERS (APPLICATION)

Trigonal functions – addition formula

𝑒𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃

𝑒𝑖𝛼 = cos 𝛼 + 𝑖 sin 𝛼 𝑒𝑖𝛽 = cos 𝛽 + 𝑖 sin 𝛽

𝑒𝑖 𝛼+𝛽 = 𝑒𝑖𝛼𝑒𝑖𝛽

cos 𝛼 + 𝛽 + 𝑖 sin 𝛼 + 𝛽 = cos 𝛼 + 𝑖 sin 𝛼 cos 𝛽 + 𝑖 sin 𝛽

cos 𝛼 + 𝛽 = cos 𝛼 cos 𝛽 − sin 𝛼 sin 𝛽

sin 2𝜃 = 2 sin 𝜃 cos 𝜃

Trigonal functions – double angle formula

𝑒𝑖 2𝜃 = 𝑒𝑖𝜃𝑒𝑖𝜃

cos 2𝜃 = cos2 𝜃 − sin2 𝜃

cos 𝛼 + 𝛽 + 𝑖 sin 𝛼 + 𝛽 = cos 𝛼 cos 𝛽 − sin 𝛼 sin 𝛽 + 𝑖 sin 𝛼 cos 𝛽 + sin 𝛽 cos 𝛼

sin 𝛼 + 𝛽 = sin 𝛼 cos 𝛽 + sin 𝛽 cos 𝛼
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11. INTEGRATION
constant acceleration g – freely falling object

a

t

𝑔

𝑡0

x

t

𝑡0

𝑔𝑡0 𝑔𝑡0
2

2

𝑣 𝑡0 = න
0

𝑡0

𝑔𝑑𝑡 = 𝑔𝑡 𝑡=0
𝑡=𝑡0 = 𝑔𝑡0 − 𝑔 ∙ 0 = 𝑔𝑡0

𝑥 𝑡0 = න
0

𝑡0

𝑔𝑡𝑑𝑡 =
𝑔𝑡2

2
𝑡=0

𝑡=𝑡0

=
𝑔𝑡0

2

2
−

𝑔 ∙ 02

2
=

𝑔𝑡0
2

2

𝑣 𝑡 = 𝑔𝑡

t

v

𝑡0

𝑣 𝑡 = 𝑔𝑡

𝑥 𝑡 = 𝑔𝑡2/2

https://giphy.com/gifs/QhaDJN80P3YqI



11. INTEGRATION

Differentiation

Integration

𝑓 𝑥 = 𝑥𝑛
𝑑𝑓 𝑥

𝑑𝑥
= 𝑛𝑥𝑛−1

𝑓 𝑥 = sin 𝑥
𝑑𝑓 𝑥

𝑑𝑥
= cos 𝑥

𝑓 𝑥 = 𝑒𝑥 𝑑𝑓 𝑥

𝑑𝑥
= 𝑒𝑥

𝑓 𝑥 = ln 𝑥
𝑑𝑓 𝑥

𝑑𝑥
=

1

𝑥

𝑓 𝑥 = 𝑥𝑛,

𝑓 𝑥 = cos 𝑥,

𝑓 𝑥 = 𝑒𝑥,

𝑓 𝑥 =
1

𝑥

න 𝑓 𝑥 𝑑𝑥 =
𝑥𝑛+1

𝑛 + 1
+ 𝑐 න 𝑓 𝑥 𝑑𝑥 = 𝑒𝑥 + 𝑐

න 𝑓 𝑥 𝑑𝑥 = sin 𝑥 + 𝑐 න 𝑓 𝑥 𝑑𝑥 = ln 𝑥 + 𝑐



11. INTEGRATION – CHAIN RULE & 
CHANGE OF VARIABLES

𝑑 sin 𝑥2 + 1

𝑑𝑥
=

𝑑 sin 𝑥2 + 1

𝑑 𝑥2 + 1

𝑑 𝑥2 + 1

𝑑𝑥
= cos 𝑥2 + 1 × 2𝑥

න
0

1

2𝑥 cos 𝑥2 + 1 𝑑𝑥 = sin 𝑥2 + 1
𝑥=0

𝑥=1
, how?

න
0

1

2𝑥 cos 𝑥2 + 1 𝑑𝑥 = න
0

1

cos 𝑥2 + 1 𝑑 𝑥2 = න
0

1

cos 𝑥2 + 1 𝑑 𝑥2 + 1

= න
0

1

𝑑 sin 𝑥2 + 1 = sin 𝑥2 + 1
𝑥=0

𝑥=1

න
0

𝜋/4 1

cos 𝑥
𝑑𝑥 = න

0

𝜋/4 cos 𝑥

cos2 𝑥
𝑑𝑥 = න

0

𝜋/4 1

cos2 𝑥
𝑑 sin 𝑥 = න

0

𝜋/4 1

1 − sin2 𝑥
𝑑 sin 𝑥

=
1

2
න

0

𝜋/4 1

1 − sin 𝑥
+

1

1 + sin 𝑥
𝑑 sin 𝑥 =

1

2
න

0

𝜋/4 1

1 + sin 𝑥
𝑑 1 + sin 𝑥 −

1

2
න

0

𝜋/4 1

1 − sin 𝑥
𝑑 1 − sin 𝑥

=
1

2
ln 1 + sin 𝑥 / 1 − sin 𝑥

𝑥=0

𝑥=𝜋/4



12. 1ST ORDER DIFFERENTIAL EQUATION

Some problems like population growth

Its growth rate is proportional to the population at that time

Auume the population 𝑃 as a function of time 𝑡 is expressed as 𝑃 𝑡

Its growth rate (or variation) is 𝑑𝑃 𝑡 /𝑑𝑡

If the growth rate is propoetional to the population with a const 𝑘

That can be expressed as
𝑑𝑃 𝑡

𝑑𝑡
= 𝑘𝑃 𝑡 We obtain the 1st order DE

To solve the problem, we need to have one condition like 𝑃 𝑡 = 0 = 𝑃0

Separation of variable
𝑑𝑃 𝑡

𝑃 𝑡
= 𝑘𝑑𝑡

න
𝑑𝑃

𝑃
= න 𝑘𝑑𝑡 න

𝑃0

𝑃 𝑡′
𝑑𝑃

𝑃
= න

0

𝑡′

𝑘𝑑𝑡 ln 𝑃 𝑃0

𝑃 𝑡′

= 𝑘𝑡 0
𝑡′

ln 𝑃 𝑡′ − ln 𝑃0 = 𝑘𝑡′ − 0 ln
𝑃 𝑡′

𝑃0
= 𝑘𝑡′

𝑃 𝑡′

𝑃0
= 𝑒𝑘𝑡′

𝑃 𝑡′ = 𝑃0𝑒𝑘𝑡′



12. 1ST ORDER DIFFERENTIAL EQUATION

Check that 𝑃 𝑡 = 𝑃0𝑒𝑘𝑡 is the solution of the 1st order DE
𝑑𝑃

𝑑𝑡
= 𝑘𝑃

Put the solution into the DE, check if the equation is satisfied or not

𝑑𝑃 𝑡

𝑑𝑡
=

𝑑 𝑃0𝑒𝑘𝑡

𝑑𝑡
=

𝑃0𝑑 𝑒𝑘𝑡

𝑑𝑡
= 𝑃0

𝑑 𝑒𝑘𝑡

𝑑 𝑘𝑡

𝑑 𝑘𝑡

𝑑𝑡
= 𝑘𝑃0𝑒𝑘𝑡 = 𝑘𝑃 𝑡

The equation is satisfied by using the function 𝑃 𝑡

Thus the function 𝑃 𝑡 = 𝑃0𝑒𝑘𝑡 is the solution of the DE
𝑑𝑃

𝑑𝑡
= 𝑘𝑃



13. 2ND ORDER DIFFERENTIAL EQUATION

Ԧ𝐹𝑒𝑥𝑡

Ԧ𝐹𝑠

𝑥

Derive the 2nd order DE from

the force equation of the spring system

𝐹 = −𝑘𝑥

𝐹 = 𝑚𝑎
−𝑘𝑥 = 𝑚𝑎

𝑚𝑎 + 𝑘𝑥 = 0

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑘𝑥 = 0

guess solution 𝑥 𝑡 = 𝐴 sin 𝐵𝑡 or 𝑥 𝑡 = 𝐴 cos 𝐵𝑡

−𝑚𝐵2𝐴 sin 𝐵𝑡 + 𝑘𝐴 sin 𝐵𝑡 = 0

𝑘 − 𝑚𝐵2 𝐴 sin 𝐵𝑡 = 0

𝐵 =
𝑘

𝑚
𝑥 𝑡 = 𝐴 sin 𝑘/𝑚𝑡



13. 2ND ORDER DIFFERENTIAL EQUATION

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑘𝑥 = 0

guess solution 𝑥 𝑡 = 𝐴𝑒𝐵𝑡, put the guess solution into the DE

𝑚𝐵2𝐴𝑒𝐵𝑡 + 𝑘𝐴𝑒𝐵𝑡 = 0

𝑘 + 𝑚𝐵2 𝐴𝑒𝐵𝑡 = 0 𝐵 = 𝑖 𝑘/𝑚 𝐵 = −𝑖 𝑘/𝑚

𝑥 𝑡 = 𝐴1𝑒𝑖 𝑘/𝑚𝑡 + 𝐴2𝑒𝑖 𝑘/𝑚𝑡 = 𝐶1 sin 𝑘/𝑚𝑡 + 𝐶2 cos 𝑘/𝑚𝑡
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